Let G be an odd order nilpotent group with class 2 and e denotes the exponent of its commutator subgroup. Let e = p r 1 1 p r 2 2 . . . p rs s , where pi's are odd primes and ri's are non-negative integers. Then there are at least r1 + r2 + . . . + rs non-isomorphic nilpotent groups with class two and the order of each of the group is equal to the order of G.
Introduction and Statement of Main Result
A very basic problem in the finite group theory is to calculate the number of non-isomorphic groups of a given order. One of the reduced version of this problem is for given a group with some group theoretic property, is there another non-isomorphic group (of equal order) with same property? In this paper, we construct a string of non-isomorphic groups from a given odd order nilpotent group with class 2 (by a nilpotent group with class 2, we mean that the group is non-abelian and the commutator subgroup of the group is contained in the center of the group).
Let (G, .) be a group. Fix n ∈ N, the set of natural number. Define a binary operation • n on G as follows; for x, y ∈ G, x • n y := y −n xy n+1 . Then equation of the type X • n a = b, where X is unknown and a, b ∈ G has unique solution. But if (G, .) is nilpotent group with class 2, then • n is associative, that is (G, • n ) is a group. Moreover, it can be observed that if G is nilpotent group with class 2, then (G, • n ) is a nilpotent group with class at most 2 and x • n y = [x, y] n xy (using commutator identities). Definition 1.1. Given a nilpotent group (G, .) with class at most 2, we define another group (S n (G), • n ) as follows:
) be a group of order r. An ordered r− tuple (n 1 , n 2 , . . . , n r ) in N r such that 1 = n 1 ≤ n 2 ≤ . . . ≤ n r is called order structure of G if elements of G can be put in a sequence {x 1 , x 2 , . . . , x r } of length r such that the order of
For example, the order structure of Z 2 × Z 4 is {1, 2, 2, 2, 4, 4, 4, 4}. By the classification of finite abelian groups, it is clear that two abelian groups are isomorphic if and only if they have same order structure.
It is clear from the Definition 1.1 that the order of an element x ∈ G is same as the order of x ∈ S i n (G) for any i and n. Thus the order structure of S i n (G) is same as that of G. Also if G is abelian, then (S n (G), • n ) = (G, .). Let r be an odd integer greater than 1. Let r = p r1 1 p r2 2 . . . p rs s , where p j 's are odd primes such that p 1 < p 2 < . . . < p s and r j > 0. Let X r denotes a complete set of non-isomorphic nilpotent groups with class at most 2 and order r. We say two elements of X r are related if both have same order structure. This relation is an equivalence relation. Let X r 1 , X r 2 , . . . , X r k be distinct equivalence classes of the set X r under this relation. Let G be a nilpotent group with class at most 2 and order r. Identify G with its unique isomorphic copy in X r . We may assume that
for all 1 ≤ j ≤ s. Suppose that the exponent of the commutator subgroup of P j is p tj j . We define the string of groups associated with G to be a sequence F i (G) of length
For simplicity, we call the string of groups associated with G, the string of G. We call an element G ∈ X (ii) B = x, y, z|x
where Z n denotes the cyclic group of order n. Equivalence classes of X r with respect to order structure relation are X
, the commutator subgroups of B, D and E have exponent p, so the length of the string of each of these groups will be 2. Thus B, D and E are three maximal elements in X r 2 . The following is the main result of the paper. 
Basic Lemmas
The results of this section has been proved using the commutator identities of a nilpotent group with class 2. These identities are stated in the Lemma 2.1. We use [x, y] for x −1 y −1 xy, where x, y ∈ G and Z(G) for the centre of the group G.
Lemma 2.1. Let G be a nilpotent group with class 2. Let x, y, z ∈ G.
Proof. The first identity is easy to verify. The second can be proved by induction on k and using (i).
Lemma 2.2. Let G be a nilpotent group with class 2 and n ∈ N.
Proof. The proof is by induction on i. For i = 1, s(i) = n, so identity is true. Suppose that identity is true for i = m. We will show that it is true for i = m+1. Then there are at least r 1 + r 2 + . . . + r s non-isomorphic nilpotent groups with class two and the order structure of each of these groups is same as that of G.
This proves the (i). Second part follows from (i). (iii) From (ii) it is clear that Z(S
Proof. The length of the string of G is 1 + r 1 + r 2 + . . . + r s and each term of string has same order structure. By Theorem 1.3, the terms of the string are non-isomorphic groups and last term of the string is abelian. Thus the string of G except last term gives us the required non-isomorphic groups.
